The propagation of electrostatic waves in an unmagnetized collisionless pair-ion plasma with immobile positively charged dusts is studied for both large-and small-amplitude perturbations. Using a two-fluid model for pair-ions, it is shown that there appear two linear ion modes, namely the "fast" and "slow" waves in dusty pair-ion plasmas. The properties of these wave modes are studied with different mass (m) and temperature (T ) ratios of negative to positive ions, as well as the effects of immobile charged dusts (δ). For large-amplitude waves, the pseudopotential approach is performed, whereas the standard reductive perturbation technique (RPT) is used to study the small-amplitude Korteweg-de Vries (KdV) solitons. The profiles of the pseudopotential, the large amplitude solitons as well as the dynamical evolution of KdV solitons are numerically studied with the system parameters as above. It is found that the pair-ion plasmas with positively charged dusts support the propagation of solitary waves (SWs) with only the negative potential. The results may be useful for the excitation of SWs in laboratory dusty pair-ion plasmas, electron-free industrial plasmas as well as for observation in space plasmas where electron density is negligibly small compared to that of negative ions.
I. INTRODUCTION
A typical plasma consisting of electrons and positive ions essentially causes temporal as well as spatial variations of collective phenomena due to large-mass difference between these particles. This asymmetric diversity of collective plasma phenomena can, however, be nullified in pair-ion plasmas consisting of positive and negative ions with equal mass. In the latter, the space-time parity can be maintained because of the same mobility of the particles under electromagnetic forces. Such pairion plasmas have been generated in the laboratory, and three kinds of electrostatic modes have been experimentally observed to propagate along magnetic-field lines in paired fullerene-ion plasmas [1] . Furthermore, in many industries such as integrated-circuit fabrication, there requires a plasma source having no energetic electrons in the plasma, since the deposited film is strongly damaged by a high-energy electron. For this purpose, a radiofrequency plasma source has also been developed [2] .
On the other hand, in situ measurements of charged particles in the polar mesosphere under nighttime conditions revealed that there exist positively charged nanoparticles [3] . Such particles have been observed in a region dominated by both positive and negative ions, and very few percentage of electrons. It was also clarified that the positive charge of these dust particles is due to the dominant charging effects of lighter positive ions compared to the heavier negative ions, and the presence of a very small number of electrons. Furthermore, in an experiment, it has been investigated that dust particles injected in pair-ion plasmas can become positively charged when the number density of negative ions greatly exceeds ( 500) that of the electrons [4] . In space environments, the possible role of negative ions has been discussed, and it has been found that dusts can be positively charged if there is a sufficient number density of heavy negative ions (with mass 300 amu) [3] . Thus, in laboratory and space environments, pair-ion plasmas with positively charged dusts and no high-energy electrons may not be unubiquitous. So, collective plasma oscillations and nonlinear properties of electrostatic as well as electromagnetic waves in these pair-ion plasmas are worth investigating.
To mention few, the nonlinear propagation of solitary waves (SWs) and shocks in dusty plasmas have been widely studied for understanding the electrostatic disturbances in space plasma environments as well as in laboratory plasma devices [5] [6] [7] [8] [9] . It has been shown that charged dust grains can drastically modify the existing response of electrostatic wave spectra in plasmas depending upon whether the charged dusts are considered to be static or mobile [7, 8, [10] [11] [12] [13] [14] [15] [16] [17] . Recently, there has been a growing interest in investigating the properties of electrostatic waves in pair-ion plasmas (see, e.g., Refs. [18, 19] ). However, to our knowledge, no detailed theory has been made to study the electrostatic small-as well as large-amplitude waves in dusty pair-ion plasmas with positively charged dusts. So, our purpose is to investigate the propagation characteristics of electrostatic large-as well as smallamplitude waves in unmagnetized collisionless dusty pairion plasma with positively charged dusts. We show that there exist two modes: "fast" and "slow" waves, the properties of which are studied. We use the pseudopoten-tial approach to study the properties of large-amplitude waves, whereas the reductive perturbation technique is used to investigate Korteweg-de Vries (KdV) solitons. The present work thus generalizes and extends the previous works, e.g. Ref. [20] to include the effects of positively charged dusts, and different mass as well as thermal pressures of ions. It is shown that in dusty pair-ion plasmas, SWs exist with only the negative potential.
II. BASIC EQUATIONS
We consider the one-dimensional propagation of electrostatic waves in an unmagnetized collisionless dusty plasma consisting of singly charged adiabatic positive and negative ions, and immobile positively charged dusts. We do not consider the dynamics of charged dusts as they are too heavy to move on the time scale of the ion-acoustic waves. However, dusts can affect the wave dispersion and nonlinearity. Furthermore, we assume that the negative ions are heavier than the positive ions, and negative ion number density is much larger than that of electrons so that dusts become positively charged [4] . Thus, the dominant higher mobility species in the plasma are the positive ions. The immobile dust particles carry some charges so as to maintain the overall charge neutrality condition given by
where n j0 is the unperturbed number density of charged species j (j = p, n, d, respectively, stand for positive ions, negative ions and static positively charged dusts), z d (> 0) is the unperturbed dust charge state. The condition (1), in dimensionless form, becomes
where µ = n p0 /n n0 and δ = z d n d0 /n n0 are the density ratios. The basic equations to describe the dynamics of positive and negative ions in one space dimension are
where n j , v j , and m j , respectively, denote the number density, velocity, and mass of j-species particles. Furthermore, q p,n = ±e, where e is the elementary charge. Also, φ is the electrostatic potential, k B is the Boltzmann constant, and T j is the particle's thermodynamic temperature. In Eq. (4), we have used the adiabatic pressure law: P j /P j0 = (n j /n j0 ) 3 with P j0 = n j0 k B T j for each ion-species (j = p, n). The adiabatic index γ = 3 [= (2+D)/D, D being the number of degrees of freedom] is used for one-dimensional geometry (D = 1) of the system. We will later see that in the long-wavelength limit, the phase velocity of the fast wave is much greater than the positive-ion thermal velocity. This certainly justifies our assumption of adiabaticity that thermal conduction cannot keep up with the moving wave front. Next, we normalize the physical quantities according to φ → eφ/k B T p , n j → n j /n j0 , v j → v j /c s , where c s = k B T p /m n = ω pn λ D is the ion-acoustic speed with ω pn = √ 4πn n0 e 2 /m n and λ D = k B T p /4πn n0 e 2 denoting, respectively, the negative-ion plasma frequency and the Debye length. The space and time variables are normalized by λ D and ω −1 pn respectively. Thus, from Eqs. (3)- (5), the normalized set of equations is obtained as:
where the upper (lower) sign of ± on the right-hand side of Eq. (7) corresponds to positive (negative) ions. For convenience and to be used later, we denote T = T n /T p and m = m n /m p .
III. DISPERSION RELATION: ION-WAVE MODES
In order to figure out the number of linear wave modes and to study their properties, we assume the perturbed quantities to vary as ∼ exp(ikx − iωt), i.e., in the form of oscillations with wave frequency ω and wave number k. Thus, Fourier analyzing the Eqs. (6)- (8), we obtain the following dispersion relation:
in which ω and k are normalized by ω pn and λ
−1
D respectively. The first and second terms on the left-hand side of Eq. (9) are, respectively, due to the presence of positiveand negative-ion species, whereas the constant term 1 on the right-hand side appears due to the effect of charge separation of the species (deviation from quasineutrality). The dispersion Eq. (9) admits two solutions of ω 2 given by
where
In order that these solutions are real, the discriminant
must be nonnegative. We find that the discriminant is positive for all k, when m > T , m > 1, and µ < 1 are satisfied. In Eq. (10), the positive and negative signs, respectively, correspond to "fast" and "slow" wave modes in pair-ion plasmas. Recalling Eq. (9) in dimensional form, we find that the effect of dispersion due to charge separation can not be neglected, because otherwise, for the "fast" waves of which the phase speed is much larger than the ion-thermal speed, the sum of the two positive terms becomes zero, which is inadmissible. Furthermore, in order to avoid the wave damping due to the resonance with either the positive or negative ions, the phase speed is to be much larger than the negative ion thermal speed and much lower than the positive ion thermal speed. In particular, in absence of the charged dusts, and if ions, having the same mass, are in isothermal equilibrium, one can easily recover the dispersion equation (6) in Ref. [20] . Furthermore, in particular, for m = T = µ = 1, i.e., in dust-free plasmas in which ions have the same mass and temperature, the two ion-modes, corresponding to positive and negative signs in Eq. (10), reduce, in the long-wavelength limit (k → 0), to ω 2 = 2 + 3k 2 and
The former is the usual ion-plasma wave, which propagates with a frequency greater than ω pn (even in absence of the thermal pressure), whereas, the latter propagates forward in the manner of a sound wave in which the electrostatic oscillation disappears. It has been observed in experiments that slow-wave modes do not favor the formation of solitons, whereas the fast modes may propagate as solitary waves due to nice balance of the dispersive and nonlinear effects [21, 22] . In the next sections, our attempt will be to study whether this ion-plasma wave (fast mode) propagates as solitary waves. However, before going into the detail investigation for the nonlinear propagation, we first analyze numerically the properties of the "fast" and "slow" wave modes as follows:
Figures 1 to 3 show the plots of the frequencies of the fast-(upper panel) and slow-wave (lower panel) modes with the variations of the wave number k for different sets of parameter values of m, T and δ as indicated in the figures. From Fig. 1 , it is evident that both the fastand slow-wave frequencies increase with k as well as with higher values of the mass ratio m. In contrast to the fast mode, the slow-wave frequency remains almost unaltered for values of m 2.5, as well as in the limits of the longwavelength, k → 0 and short-wavelength, k 1.4. In the former limit, though the frequency of the fast mode bears almost a constant value, the slow-wave frequency approaches to zero. In all the figures 1 to 3, the wave frequency is found to increase with the wave number k implying that the wave phase speed exceeds that of the ion-sound wave. Figure 2 shows the similar profiles as in Fig. 1 , but for different values of the temperature ratio T . It is found that T , however, does not affect the frequency of the fast-wave mode (see the upper panel of Fig. 2 ), whereas the slow-wave frequency increases with increasing values of T . In the latter, ω becomes larger with higher values of k 1. Figure 3 shows that in contrast to the slow-wave modes, the effect of positively charged dusts is to decrease the wave frequency of the fast-wave modes. It is also seen that for k > 1, charged dusts have very small effect on the wave modes.
IV. LARGE AMPLITUDE SOLUTIONS: PSEUDOPOTENTIAL APPROACH
Here, we assume the perturbations to vary in a moving frame of reference ζ = x − M t, where M is the nonlinear wave speed normalized by c s . We also use the boundary conditions, namely, n j → 1, v j → 0, φ → 0 as ζ → ±∞. Then from the continuity equation (6) we obtain the following expressions for the positive and negative ion fluid velocities (j = p, n):
Next, from Eq. (7) and Eq. (12), after eliminating v j , we obtain bi-quadratic equations for the densities n j which have the following solutions:
where n j± are the values of the number densities n j corresponding to the ± signs. Also,
, and α n = √ 3T M . Equations (13) and (14) give four possible combinations for the number densities, namely, n p+ , n n+ ; n p− , n n− , n p+ , n n− and n p− , n n+ . We will later see that only one of them will favor the propagation of large-amplitude solitary waves. From Eqs. (13) and (14) it is clear that for real values of the densities, the conditions f j (φ) > 0 and f j (φ) ≥ α j must be satisfied. These lead to the following bounds for the electrostatic potential:
where using the above boundary conditions, we obtain the following energy-like equation for an oscillating particle of unit mass at the pseudoposition φ and pseudotime ζ:
where the pseudopotential V is given by
with
and
is the value of g j± (φ) at φ = 0. The pseudopotential V and hence the relevant expressions, to be shown shortly, can have four different forms depending on the consideration of the densities n j± given by Eqs. (13) and (14) . However, we will show that only one of them corresponds to the existence of solitary waves or double layers. The energy-like equation (16), which describes the evolution of arbitrary amplitude electrostatic perturbations, can also be obtained following Refs. [24, 25] . The conditions for which the perturbations may propagate as solitary waves or double layers can be discussed as follows:
Condition 1: V (φ) = 0 at φ = 0. This can be easily verified from Eq. (17) by substituting φ = 0. Also, V (φ) < 0 for φ l < φ < φ u . This condition will be examined numerically later.
Condition 2:
dV dφ = 0 at φ = 0. From Eq. (17) we have
in which the first and second terms in the parentheses are corresponding to the positive and negative signs of ±. Thus, from Eqs. (20) and (21) we find that • If M ≤ M min ≡ min{ √ 3m, √ 3T }, then the condition dV dφ = 0 at φ = 0 is satisfied for the expression [Eq. (19) ] corresponding to h j+ (0) (i.e., corresponding to the number densities n j+ ). However, for the expression corresponding to h j− (0) (i.e., corresponding to the number densities n j− ), the same condition is satisfied when
Typically, for laboratory and space plasmas [23] , m ≥ 1 and T ≤ 1. So, M min = √ 3T , and M = M 0 ≤ M min = √ 3T holds for m ≥ T together with µ < 1 for positively charged dusts.
dV dφ = 0 at φ = 0 is satisfied for the expression corresponding to h j− (0), i.e., corresponding to the densities n j− . However, for h j+ (0) or for the densities n j+ , the same is satisfied for M = M 0 . But, in this case, M 0 > √ 3m, otherwise, we would have T > m, which contradicts the above consideration m ≥ T .
• When √ 3T < M < √ 3m holds for m ≥ T together with µ < 1, m ≥ 1 and T ≤ 1, the condition dV dφ = 0 at φ = 0 is satisfied corresponding to h p+ (0) and h n− (0), i.e., for the number densities n p+ and n n− .
The other cases may not be of interest for the parameter regimes mentioned above. Thus, depending on the consideration of the solutions of the number densities n j± , and hence the expressions for V (φ) and its derivatives, the condition dV dφ = 0 at φ = 0 may be satisfied for a certain range of values of M , namely,
Condition 3: 
at φ = 0 [corresponding to h p+ (0) and h p− (0), i.e., for the number densities n p+ and n n− ] is negative for M >M ≡ 3m(1 + µT )/(1 + mµ). The latter is admissible for m > T . In this case, the range of M is precisely max √ 3T ,M < M < √ 3m.
Condition 4:
For a nonzero φ m , the relations V (φ m ) = 0 and dV (φ m )/dφ ≷ 0 are to be satisfied according to whether the solitary waves are compressive (with φ > 0) or rarefactive (with φ < 0). Here, φ m ( = 0) represents the amplitude of the solitary waves. However, in addition, to the above conditions, if dV (φ m )/dφ vanishes instead of dV (φ m )/dφ ≷ 0, the perturbations may develop into double layers. These conditions will also be examined numerically.
From the above discussions we find that there may be three possible regions, for which all the above conditions for the existence of large amplitude solitary waves or double layers are satisfied, these are (i) Region 1: 0 < M < √ 3T together with m 1, T 1, µ < 1. The expression for V and relevant others are corresponding to the number densities n j+ ;
(ii) Region 2: M > √ 3m together with m 1, T 1, µ < 1. Here, the expression for V and relevant others are corresponding to n j− ; (iii) Region 3: max √ 3T ,M < M < √ 3m together with m 1, T 1, µ < 1. In this case, the expression for V and relevant others are corresponding to n p+ and n n− .
In the following numerical investigation, we will see that the existence of large-amplitude solitary waves may be possible only for the parameters in 'Region 3'. It will also be shown that dV (φ m )/dφ = 0 except at φ = 0, i.e., the double layers may not exist in the plasmas.
Next, we numerically investigate the conditions 1 to 4 stated above for the existence SWs or double layers. Figures 4 to 7 show the profiles of the pseudopotential V (upper panel) and its derivative dV /dφ (lower panel) for different values of the parameters m, M , T and δ. We find that for certain parameter values, V crosses the φ-axis and dV /dφ < 0 at only negative values of φ in φ l < φ < φ u , implying the existence of only negative SWs. These negative values of φ represent the heights or amplitudes φ m of the large-amplitude solitons. The latter can be obtained by numerically solving Eq. (16) . From  Figs. 4 to 7 , it is clear that there is no common value of φ ( = 0) for which V (φ) = 0 and dV /dφ > 0 are satisfied for the existence of positive SWs. Notice, however, that there are also some parameter regimes corresponding to m, M , T and δ for which either V (< 0) does not cross the φ-axis or V (φ) > 0, and hence no potential well is formed for particle trapping. For example, in Fig. 4 , V (φ = 0) = 0 for m 1.8. In this case, the large-amplitude (Fig. 4), T (Fig. 6) and δ (Fig.  7) , which may lead to the enhancement of the width and detraction of the amplitude |φ m | of the SWs. This width (amplitude) may, however, be decreased (increased) with increasing values of the Mach number M as in Fig. 5 .
Our next attempt is to numerically solve Eq. (16) to exhibit the profiles of the large-amplitude solitons. These are shown in Fig. 8 for different sets of parameters m, M , T and δ. Evidently, the amplitude of the large-amplitude soliton decreases while its width increases with increasing values of m and δ. On the other hand, as the values of M (T ) increase, the soliton amplitude increases (decreases) while its width decreases. It may be interesting to examine the profiles of the SWs whose amplitudes tend to zero. Such small-amplitude solutions of the SWs can be obtained by expanding V in powers of φ up to φ 3 around the origin, i.e., V (φ) = C 1 φ 2 + C 2 φ 3 , where
, and using the boundary conditions, namely φ → 0, dφ/dζ → 0 as ζ → ±∞, as:
Here, φ m = −C 1 /C 2 is the amplitude and W = 4/|C 1 | is the width of the soliton. Alternatively, one can follow a perturbation technique to investigate the dynamical evolution as well as the properties of KdV solitons. This will be done in the next section.
V. SMALL-AMPLITUDE KDV SOLITON: PERTURBATION TECHNIQUE
We consider the nonlinear propagation of small but finite amplitude electrostatic waves in dusty pair-ion plasmas. In the standard reductive perturbation technique, the stretched coordinates are considered as ξ = 1/2 (x − V 0 t) and τ = 3/2 t, where is a small parameter ( 1) measuring the weakness of perturbations and V 0 is the wave speed. The dynamical variables are expanded as
We then substitute these expansions and the stretched coordinates into Eqs. (6)- (8), and equate different powers of . In the lowest order of (i.e., 3/2 ) we obtain the following relations for the first-order perturbations:
where α = m/(V 2 0 − 3m) and β = 1/ 3T − V 2 0 . The expression for the wave speed in the moving frame of reference is given by
We note that since m > T (for m > 1 and T < 1), we have
for large-amplitude SWs) and V 0 increases with increasing values of m and T . Proceeding to the next order of (i.e., 5/2 ), the details are omitted for simplicity, we obtain a set of equations for the second-order perturbed quantities. The latter are then eliminated to obtain, after few steps, the following KdV equation.
where Φ ≡ φ (1) . The coefficients of nonlinearity and dispersion are, respectively, given by
Inspecting on the coefficients A and B [Eqs. (29) and (30)], we find that B is always positive. Also, A is always negative, because α < 0 for V 0 < √ 3m. These imply that the small-amplitude SWs exist with only the negative potential. The stationary soliton solution of the KdV equation (28) can be obtained by applying a transformation 
where Φ m = 3U 0 /A is the amplitude and w = 4B/U 0 is the width of the soliton. Note that the qualitative behaviors, i.e., the properties of the amplitude and width of the small-amplitude solitons given by Eqs. (23) [Obtained from the energy-like equation (16) Figure 9 shows that the absolute value of the amplitude decreases with µ and also with increasing values of m, whereas the width decreases with increasing µ (except for a fixed m = 1 at which the width approaches a constant value) and m. On the other hand, the variations of the amplitude and width with µ for different values of T show almost opposite features. In the latter, the amplitude (absolute value) increases but the width decreases with increasing values of T . In both the figures 9 and 10, the soliton amplitude is seen to decrease with µ and approaches more or less a constant value as µ approaches 1.
For the dynamical evolution of the soliton, we numerically solve Eq. (28) by Runge-Kutta scheme with an initial condition Φ = −0.05 exp −(ξ + 10) 2 /100 . The development of the pulse at different times τ = 0 (upper left), τ = 100 (upper right), τ = 200 (lower left) and τ = 400 (lower right) is shown in Fig. 11 . The parameter values are considered as m = 4.5, T = 0.6 and δ = 0.1. It is seen that the leading part of the initial pulse steepens due to positive nonlinearity, and as time goes on, the pulse separates into solitons and a residue due to the wave dispersion. Furthermore, once the solitons are formed and separated, they propagate without changing their shape due to the nice balance of the nonlinearity and dispersion (see the plot for τ = 400). 
VI. DISCUSSION AND CONCLUSION
We have investigated the propagation characteristics of electrostatic waves in an unmagnetized collisionless pairion plasma with immobile positively charged dusts. The latter become positively charged when the number density of negative ions exceeds that of positive ions and is much larger than that of electrons so that electron contribution can be neglected [4] . In the linear regime, there appear two ion modes, namely "fast" and "slow" waves in dusty pair-ion plasmas. Due to the higher values of the phase velocity of the fast ion wave than the ion thermal speeds, the Landau damping effect is negligibly small. We find that in the long-wavelength limit (k → 0), the fast (slow) mode propagates with a frequency greater (lower) than the frequency of negativeion oscillations. Furthermore, in the limit k → 0, the frequency of the fast modes almost assumes a constant value. We also find that the thermal pressure has very small effect on the fast-wave modes, whereas it can modify the frequency of the slow-wave modes. In contrast to the effects of different mass of the ions, the effect of positively charged dusts is to decrease the wave frequency of the fast waves.
In the nonlinear regime, we have studied the propagation of large-as well as small-amplitude perturbations in dusty pair-ion plasmas. We show that perturbations can develop into solitary waves, and no double-layer solution can be formed. Using the pseudopotential approach, we derive a energy-like equation, which (along with the pseudopotential) is numerically analyzed to study the properties of the large-amplitude solitons for different values of the system parameters m, T and µ or δ which satisfy m > 1, T < 1 and µ < 1. It is found that large-amplitude SWs exist for the Mach number satisfying max √ 3T ,M < M < √ 3m. In our numerical investigation, the parameter regimes for the existence of large-amplitude SWs are obtained as (i) m Furthermore, the widths of the large-amplitude solitons can be increased (decreased) by the effects of m and δ (M and T ). For small-amplitude waves, we derive a KdVB equation which is numerically solved to present the dynamical evolution of solitons. Furthermore, we have numerically studied the properties of the amplitude and width of the KdV solitons for different values of the system parameters. We find that both the large-and smallamplitude waves propagate with only the negative potential in pair-ion plasmas with positively charged dusts. The theoretical results may be useful for the observation of electrostatic waves in space plasmas, e.g., a dusty meteor trail region in the upper atmosphere, in industrial electron-free pair-ion plasmas as well as for the experimental verification of the excitation of ion-acoustic waves in laboratory dusty pair-ion plasmas.
